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LETTER TO THE EDITOR

Note on the multipole expansion in the spherical tensor form

P Piecuch
Institute of Chemistry, University of Wroclaw, 50-383 Wroctaw, Poland

Received 16 April 1985

Abstract. Stone’s cartesian-spherical transformation formalism is used for a simple, direct
derivation of the muitipole expansion in the spherical tensor form starting from the cartesian
tensor form.

Suppose r, is the position vector of particle a with respect to an arbitrary origin A
and r, the position vector of particle b with respect to origin B. Let R be the vector
connecting the origins A and B, peinting from A to B, and let r,,=R—r,+r,. One
of the problems in several domains of theoretical physics and chemistry is to expand
ras =|ra) " as a power series in R~ =|R|™"—the bipolar or multipole expansion. From
the mathematical point of view the multipole expansion is simply a Taylor series of
the form (Jansen 1957)
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this series converges if and only if [r,—r,| <R (see, e.g., Amos and Crispin 1976).
Here V=4/6R and r,,, ng and Vg, are the cartesian components of the vectors r,,
r, and V. Many different forms of the series (1) may be found in the literature. Several
authors use a similar multipole expansion in the cartesian tensor form (Jansen 1957,
1958, Buckingham 1959, 1967, Kielich 1965a, b, Stogryn 1971) but in many physical
applications the spherical tensor form of the multipole series is much more convenient.
For example, it can be helpful in the calculation of the molecular multi-centre integrals
which appear in quantum chemistry (see, e.g., Steinborn and Ruedenberg 1973 and
references therein) and it is very suitable for describing long-range electrostatic interac-
tions between arbitrary charge distributions (Hirschfelder et al 1954, Rose 1958,
Fontana 1961, Margenau and Kestner 1971, Wormer 1975, Gray 1976, Wormer et al
1977, van der Avoird et al 1980, Leavitt 1980, Piecuch 1984a, b, ¢, 1985a, b, Stone and
Tough 1984). For our purpose we write the spherical tensor form of the multipole
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expansion as
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where the irreducible tensor product between two sets of irreducible tensors Uy =
{Uka: 1=~k ..., ki}and Vi ={V, ... @=~k,, ..., k;} is defined (Fano and Racah
1959) by

[Uk,® sz]kq = Z Us,q, szqz<quh k,q,| kq) (3)
9192
(here (k,q,, k-q- | kg) is a Clebsch-Gordan coefficient) while the scalar (inner) product
is defined (Rose 1957) by

Ug* Vk=2("1)quqVk—q- (4)
q
Here Ry, (r) and I,,(r) are the regular and irregular solid spherical harmonics defined
respectively as

le(r)=rlclm(0’ QD) (5)

and
Ilm(r)=r_'—lclm(193 ‘P) (6)

where C,, (8, ¢) is an unnormalised spherical harmonic (Brink and Satchler 1968) and
(r, 9, ¢) are the spherical coordinates of r. In (2) we have used the fact that the sets
R(r)={R,,(r): m=—1...,1} and L(r)={L,,(r): m=~1,..., -1} form irreducible
tensorial sets of order I

Expression (2) or its special cases (e.g., for R parallel to the z axis of the coordinate
system) has been obtained previously by several authors (Carlson and Rushbrooke
1950, Rose 1958, Fontana 1961, Steinborn 1969, Steinborn and Ruedenberg 1973,
Wormer 1975, Gray 1976, Leavitt 1980, Stone and Tough 1984). However none of
these derivations is achieved directly from the Taylor series (1), although this would
seem to be the most natural way. Here we wish to derive the spherical tensor form of
the multipole expansion (2) directly from the Taylor series (1). Our straightforward
derivation is based on transforming (1) from the cartesian to the spherical tensorial
form via the cartesian-spherical (cs) unitary transformation introduced by Stone
(1975, 1976). We use Stone’s notation within the Condon-Shortley phase convention.

We recall that the cs transformation is defined by

Toror= % Tpguimlneeduim| e a) (7a)
J1edam
T_;',.,.j,,;m = z Tal.‘.a"<al el Gy 1]1 .- -jn; m) (7b)
and
Ureodnsmlay ..oy =(ay ... ap|ji...Jn; m¥* 8)

where the T, ;.. are the spherical components of spherical rank j, of a cartesian
tensor T,, ,, of cartesian rank n. The subscripts j,, j,, - - . , j.—; denote the intermediate
quantum numbers which are required to distinguish between different spherical tensors
with the same j,.. j, is always equal to one and (j,—, 1,j,) (6 =2,..., n) satisfy triangle
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conditions. As examples of relations (7) we can write (Tough and Stone 1977)

Rim(P)=[QDY2'TVHUNT Y ra X Xrg X{ay ... oq|12... 15 m) (5a)
and
In(r)=(=1D'[2/2ND1Y2 Y Vo X... XV, (r')x{a;,...aq)12...1; m). (6a)

We consider the mixed scalar product of the three arbitrary cartesian tensors A, o,
Bg, g, and C, .., s, i.c. the expression

SABC = Z Aal.“a,BBl...ﬂ, Cal...a,Bl...ﬂs' (9)
BB,
If T, o8,.8 = Aa,.« Bs,.p, denotes the outer product of A,, ., and Bg g then (Stone
1975, 1976)

T jom= ka (A, @B, k)im
1-0-Ks

x [T {[(2ks + 1) 2o+ DIV W(kooi 1 jraos Kodreo-1)} (10)

o=2

where t=r+s and W(...) is a Racah coefficient (Rose 1957). Since

SABC = Z Ta,.‘.a,,a,...p, Cal,..a,.Bl..ﬁ, (11)
ay..aBr..Bs
we have (Stone 1975, 1976)
SaBc= Z (—I)H.j’ I},...j, * C}l...,-,- (12)
Jiede

Inserting (10) into (12) we obtain the following general result:
Sapc= Z (_l)Hj'[Ajl...j,@Bkl‘..k,]j, * le...j,

Jreedr
ky...ks

X I:Iz {[(2ka' + 1)(2jr+¢7—1 + 1)]]/2W(ko'—l 1jrjr+a; kajr+a—1)}t=r+s- (13)

As a special case of (13) we assume that the cartesian tensor C,, 4,5, of rank
t=r+s is symmetric and traceless in each pair of its indices. Tough and Stone (1977;
appendix) have shown that the only non-vanishing spherical components of C,, ...,
are Cy5 ;.m (m=—t,...,t). Thus we have

SABC = Z [AIZ..J'@Bkl.‘.k,]H-s * CIZ.A.r-f-s

x ] {[(2k, +1)@2r+20 - 1)]2W(k, i 1rr+oskr+o-1)}.  (14)

From the definition of the irreducible tensor product (3) it follows that [A,, ,®
By ]+, does not vanish only if (r, k,, r+s) satisfy the triangle conditions. This
means that k;=s. But k; =1 and the (k,_;, 1, k,) (6=2,...,s) triangle conditions
require that k, <o. Consequently the summation over k,,..., k, in equation (14)
reduces to the single term satisfying k, =o (o=1,2,...,s). Since (Rose 1957)

W(oc—-11rrto;or+o—1)=[2oc+1)2r+20-1)]""? (15)
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we get the following general expression for S,sc When the cartesian tensor Cay.aByBe
is symmetric and traceless in each pair of its indices:

SABC = [A12...r®312..‘:]r+: * Cl2...r+s- (16)

Now we use our result (16) to derive (2) directly from (1). The Taylor series (1)
can be rewritten as

=3 S (~D'(ILY ' Sise (17)

=0 L=0

where
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BBl-nﬁL = Top, XX Tog,

éal---alﬁlmﬁ[_:Val X... XVal XV,;I X... XVBL(R_I).

The cartesian tensor V,, X... XV, XVg X...XVg (R7") is symmetric and traceless in
each pair of its indices (because R™" is the solution of Laplace’s equation V*f=0) so
we can apply (16) to the quantities Sz5¢ which appear in (17). From (5a) and (6a)
it follows immediately that

Ay =1[2'7C2D)1*R(r,) (18)
By, = L[2"/(20)1)"*R(r,) (19)
Craor=(—1)"MQ21+2L)1/2" 2L, (R). (20)

Substituting (18), (19) and (20) into (16) we obtain

[R(r)®R.(ry)]ir - I (R). (21)

1/2
Sise = (—1)’“1!L!<21+2L)

21

If we insert (21) into (17) we get the spherical tensor form of the multipole
expansion (2).

We see that Stone’s cs transformation formalism has allowed us to derive the
spherical tensor form of the multipole expansion in a very natural way, i.e. directly,
starting from the Taylor series (1). This means that the ingenious cs transformation
formalism can be treated as a powerful group-theoretical method which preserves the
conceptual simplicity of Taylor expansion methods. Our derivation of (2) is very
compact and shows the direct connection between the cartesian and spherical tensor
forms of the multipole expansion; these forms are the most popular. The convergence
criterion for expansion (2), i.e. |r,— r,| < R, cannot be determined easily from some
previous derivations of the spherical tensor form of the multipole series. However, in
our method the convergence criterion for expansion (2) is fulfilled automatically
because it is valid for series (1). Finally, we note that the general formula (13) and
its special case (16) can be useful in other physical applications of the spherical tensor
algebra.

The author dedicates this work to Professor H Ratajczak for his careful and enlightening
scientific protection.



Letter to the Editor L743
References

Amos A T and Crispin R J 1976 Theoretical Chemistry, Advances and Perspectives vol 2, ed H Eyring and
D Henderson (New York: Academic) p 1

Brink D M and Satchler G R 1968 Angular Momentum (Oxford: Clarendon)

Buckingham A D 1959 Quart. Rev. (London) 13 183

—— 1967 Adv. Chem. Phys. 12 107

Carlson B C and Rushbrooke G S 1950 Proc. Camb. Phil. Soc. 46 626

Fano U and Racah G 1959 Irreducible Tensorial Sets (New York: Academic)

Fontana P R 1961 Phys. Rev. 123 1865

Gray C G 1976 Can. J. Phys. 84 505

Hirschfelder J O, Curtiss C F and Bird R B 1954 Molecular Theory of Gases and Liquids (New York: Wiley)

Jansen L 1957 Physica 23 599

—— 1958 Phys. Rev. 110 661

Kielich S 1965a Physica 31 444

——1965b Acta Phys. Pol. 28 459

Leavitt R P 1980 J. Chem. Phys. 72 3472 (Erratum J. Chem. Phys. 73 2017)

Margenau H and Kestner N R 1971 Theory of Intermolecular Forces (Oxford: Pergamon)

Piecuch P 1984a Int. J. Quantum Chem. 285 449

——1984b Chem. Phys. Lett. 106 364

—— 1984c Chem. Phys. Lett. 110 496

——1985a Int. J. Quantum Chem. in press

—— 1985b submitted to J. Math. Phys.

Rose M E 1957 Elementary Theory of Angular Momentum (New York: Wiley)

—— 1958 J. Math. Phys. 37 215

Steinborn O 1969 Chem. Phys. Lett. 3 671

Steinborn E O and Ruedenberg K 1973 Adv. Quantum Chem. 7 1

Stogryn D E 1971 Mol. Phys. 22 81

Stone A J 1975 Mol Phys. 29 1461

—— 1976 J. Phys. A: Math. Gen. 9 485

Stone A J and Tough R J A 1984 Chem. Phys. Lett. 110 123

Tough R J A and Stone A J 1977 J. Phys. A: Math. Gen. 10 1261

van der Avoird A, Wormer P E S, Mulder F and Berns R M 1980 Topics Current Chem. 93 1

Wormer P E S 1975 PhD Thesis University of Nijmegen

Wormer P E S, Mulder F and van der Avoird A 1977 Int. J. Quantum Chem. 11 959



